This paper discusses a photon-counting linear discriminant analysis (LDA) with computational integral imaging (II). The computational II method reconstructs three-dimensional (3D) objects on the reconstruction planes located at arbitrary depth-levels. A maximum likelihood estimation (MLE) can be used to estimate the Poisson parameters of photon counts in the reconstruction space. The photon-counting LDA combined with the computational II method is developed in order to classify partially occluded objects with photon-limited images. Unknown targets are classified with the estimated Poisson parameters while reconstructed irradiance images are trained. It is shown that a low number of photons are sufficient to classify occluded objects with the proposed method.
I. INTRODUCTION
Integral imaging (II) records and reconstructs objects with a lenslet array [1] [2] [3] . A number of small convex lenses on the same plane record three-dimensional (3D) information on a set of elemental images. The computational reconstruction method visualizes 3D information by generating two-dimensional (2D) sectional images at arbitrary depth levels [4, 5] . The II system has been used for the object recognition due to its capability to capture and reconstruct 3D information [6] [7] [8] .
The imaging system with a photon-counting detector has potential for detection and recognition of objects at a low light level. Generally, the photon-counting imaging system requires less received power than the conventional imaging system. Also, fast processing is possible with a low number of photons. Photon-counting imaging has a broad range of applications such as night vision, laser radar imaging, and stellar imaging [9] [10] [11] [12] [13] . Automatic target recognition (ATR) at a low light level has been researched in [9] [10] [11] [14] [15] [16] . Photon-counting nonlinear matched filtering and photon-counting linear discriminant analysis (LDA) have been proposed in [14] and [15] , respectively. Photon-counting scene reconstruction by maximum likelihood estimation (MLE) has been proposed in [16] . The photon counting research has been extended to reconstruction space to recognize partially occluded targets [16, 17] .
In this paper, we propose the photon-counting linear discriminant analysis (LDA) combined with computational II in order to classify partially occluded targets. The photon-counting LDA has the same optimal criterion with Fisher s LDA [18] but the photon-counting LDA ' deals with photon-limited images as unknown input images and irradiance images as training images. Captured reference objects are reconstructed in 3D space and reconstructed images are trained to compose a decision rule of the classifier. Photon-counting scenes at arbitrary depth levels are reconstructed by the MLE of Poisson parameters [16] . The reconstructed photo-scenes are used to classify unknown targets. We show that the proposed photon-counting LDA method can handle the high dimensionality of the reconstruction space without any preprocessing of dimensionality reduction. Classification performance is analyzed in term of correct recognition rates and false acceptance rates. It will be shown that a small number of photons can classify occluded targets with the proposed method. In [16] , the correlationbased scheme with computational II has been researched for the recognition of occluded targets. It is noted that one reference is considered in the matched filtering while the classifier in this paper deals with multiple hypotheses (classes) of regionally segmented objects.
The organization of the paper is as follows. In Sec. 2, we discuss the computational reconstruction method using II for irradiance scenes and photon-counting scenes. The photon-counting LDA on the reconstruction space is discussed in Sec. 3. Photon-limited images are simulated from experimentally-derived irradiance information. In Sec. 4 , these simulated images are tested for the occluded object recognition. Conclusions follow in Sec. 5.
II. RECONSTRUCTION WITH THE COMPUTATIONAL II METHOD
In this section we discuss the reconstruction of irradiance information and the estimation of photon-counting parameters [16] . This reconstruction method can reduce the partial occlusion for the target visualization and recognition.
A. Reconstruction of irradiance information
The II system generates an elemental image array using a lenslet array as shown in Fig. 1(a) . Each elemental image is projected through a corresponding virtual pinhole to the reconstruction plane in the computational II method [4, 5] . Suppose that a point A on the 3D object surface as shown in Fig. 1(b) . The power density at the point A is denoted as xA. Let xn be the captured irradiance corresponding to the point A through the n-th lenslet. The detection area for xn on the image plane is assumed to have a unit area, on is the center of the n-th lenslet. Under the assumption that the distance zA between the point A and the lenslet array is large enough, the same power is transferred from xA and collected as x1, , … xN A , thus, the scale factors between xA and xn, n=1, , … NA are assumed to be the same. Therefore, xA can be reconstructed by the average of x1, , … xN A with a normalized scale factor:
where N T is the total number of pixels in the elemental image array [16] . The pixels on the image plane projected to the nearest point to the voxel point A are considered the corresponding pixels in Eq. (1). This averaging method has been newly proposed in [16] while the summation after the projection is considered in [4, 5] . It is noted that N A becomes a constant which is the total number of elemental images when the distance becomes large enough for the viewing angles of all of the lenslet to cover the object surface.
B. Estimation of photon-counting parameters
Assuming the fluctuations in irradiance are small compared to the fluctuations produced by the quantized nature of the radiation, the Poisson distribution is considered for the photon-counting model [19] . In this case, the Poisson parameter for photon-counts at each pixel is assumed to be proportional to the irradiance of the pixel in the detector [9] . Therefore, the probability of a photon event at pixel m can be given by 
The MLE [20] of λ A is derived as
The photon-counting parameter is estimated by the MLE (maximum likelihood estimation) of which the solution is merely the sample mean of the photon counts [16] .
III. PHOTON COUNTING LDA IN THE RECONSTRUCTION SPACE
In the photon-counting LDA combined with computational II, the reconstructed irradiance images of reference targets are trained and the class is decided by the estimated Poisson parameters. From Eq. (2) and (3), it can be shown that
where
x(m). We derive the following relationship since the sum of independent Poisson random numbers is also a Poisson random number:
Eq. (7) is extended to the Poisson random vector of which parameters are proportional to the reconstructed irradiance on the reconstruction plane: (5), and the subscript v is the number of voxels on the reconstruction plane.
The photon-counting LDA is derived in the reconstruction space using r and o. The within-class covariance matrix of r is defined as
and the between-class covariance matrix as where E denotes the expectation operator, j is the index of a class, t denotes the matrix transpose,
, and μ r =E(r). It has been shown that the projection matrix for the photon-counting LDA is obtained by the following criterion [15] : 
, where nc is the number of classes. Therefore, WP is composed of at most nc-1 orthogonal vectors when v is larger than nc-1. The maximum value of Eq. (11),
is equal to the summation of non-zero eigenvalues of
It is noted that

W rr
Σ is nonsingular with the non-zero components of μo, therefore, the photon-counting LDA does not suffer from the singularity problem during the training, which is inevitable when the number of training images is smaller than the dimensionality of o [15] .
The following Euclidean distance is a metric for decision making:
where n c is the number of classes, r test is the reconstructed photon-counting vector for unknown targets, and j o| μ is the class-conditional mean vector of o, which is obtained during the training process.
IV. EXPERIMENTAL AND SIMULATION RESULTS
In this paper The II pick-up system is composed of a lenslet array and a pick-up camera. Except for a magnification factor and negligible aberration of the imaging lens in the pick-up camera, the image on the image plane of the lenslet array and the captured image by the CCD camera are assumed to be identical. between the lenslet array and the occluding object is 4~5 cm, the distance between the lenslet array and the toy car is 9.5 cm. To simulate the partial occlusion, a tree model is placed between the toy car and the lensletarray. Each elemental image array is composed of 1419 × 1161 pixels and the number of elemental images in the array is 22 × 18. Figure 2 show the elemental image arrays of car 1 (class 1) and car 2 (class 2) without or with the partial occlusion. that the recognition performance is highly related with the quality and quantity of true " " information of targets in interest. The quantity of the information depends on the number of photons detected and the quality on the occlusion effect. We leave a thorough analysis of the system performance regarding the occlusion and the photon number for the future research topic.
V. CONCLUSIONS
In this paper, we propose a classification method for partially occluded targets with photon-counting LDA and computational II. The occluded object information is reconstructed in 3D space with computational II. The photon-counting LDA satisfies the optimal criterion function in the application of photon-limited images. It is shown that a small number of photons are sufficient to classify occluded targets with the proposed method.
